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The Hubbard model was first introduced as a model to describe the effects of the strongly

correlated d-electrons in transition metals [1, 2]. It was shown that this model possesses

a Mott metal-insulator phase transition [3, 4] and is relevant to the studies of high-T,

superconductivity [5, 6]. Few exact results are known for the two or three-dimensional

Hubbard model but nevertheless these models are still actively investigated.

ized by means of coordinate Bethe Ansatz by Lieb and Wu [7].

In contrast, the one-dimensional Hubbard model is integrable and was first diagonal-

However its integrable



structure is rather complicated in comparison with the usual formalism of the spin chains
(for a review see e.g. [8] and references therein). The Hubbard model R-matrix was first
introduced by Shastry [9] and Olmedilla et al. [10] (by coupling two XX model R-matrices
with U-interaction term). The proof of the Yang-Baxter relation was given by Shiroishi
and Wadati [11]. A lot of extended Hamiltonians were also proposed to connect the model
with high-T, superconductivity effects [12-14] (and references therein).

Generalization of one-dimensional Hubbard model to gi(n) case via R-matrix was made
by Maassarani et al. [15]. Extension of Maassarani’s approach to superalgebras gl(n|m) was
given in [16], and a “universal” presentation (including a generalization of Maassarani’s
approach) was proposed in [17]. It is based on the decomposition of an arbitrary vector
space into a direct sum of two subspaces, the two corresponding orthogonal projectors
allowing one to define an R-matrix of a universal XX model, and then of a Hubbard model
using a Shastry type construction. The construction is very general, since the two XX
models that are used can be based on different (super)algebras. The QISM approach
ensures the integrability of the models, leading to local Hubbard-like Hamiltonians thanks
to the appropriate behavior of the obtained R-matrices.

Recent studies of the Hubbard model and its generalizations, were motivated by its
“recent” applications in N = 4 super Yang-Mills theory (SYM) — for example, see [18]
and references therein. Although it appeared that the one-dimensional Hubbard model is
not the proper answer due to transcendental contributions to the anomalous dimensions
(in the su(2) subsector of the theory), one may find new directions in this field by studying
integrable extensions of the one-dimensional Hubbard model. Another aspect lies in the
possibility of applications to condensed matter physics, particularly when dealing with
small rank algebras.

In this paper, we focus on a subcase of the “universal” presentation where the super-
algebra for one XX model is gl(njm) while the other XX model is based on the algebra
gl(2), the projectors for both XX models being one-dimensional. This kind of model is
simple enough to investigate further the problem of Bethe Ansatz Equations (see [17]),
and presents interesting features to find some applications in condensed matter physics as
well as some relevence in AdS/CFT correspondence.

The paper is organised as follows. In section 2 we prepare the notations and recall
some results on generalized Hubbard model based on unitary (super)algebras. In section 3,
we solve via the coordinate Bethe ansatz a toy model constructed on gl(2|1) @ gl(2) with
one-dimensional projectors and we generalize the obtained results to gl(n|m)@® ¢i(2) models
in section 4. In section 5, we study a model based on g¢i(2]2) @ gl(2), where the projector
for the ¢l(2|2) part is now two-dimensional. We argue on the relevence of this model for
the AdS/CFT correspondence. In section 6, we perform the Jordan-Wigner transformation
for gl(2|1) @ gl(2) and ¢i(2|2) @ ¢gl(2) models to construct physical Hamiltonians.

2 Some results on gl(n|m) Hubbard model

We remind in this section the necessary notations for self-consistency and understanding
of the paper. For more details, we refer the reader to [17].



The starting point is the definition of the R-matrix of an XX model based on the
superalgebra G = gl(n|m). Consider the graded vector space V = C"™ (with possibly
m = 0) and define the Zs-grading on indices j by

[j] = {0 for 1<j<n 2.1)

1 for n+1<j7<n+m.

Accordingly, the elementary matrices E% (with entry 1 at row i and column j and 0
elsewhere) have grade [E¥] = [i] + [j]. We introduce a set of integers N’ C {1,...,n+m}
and A its complementary subset in {1,...,n4+m}. We then define the following projectors:

WZZEjj, ﬁzﬂ(ﬁ):ZEﬁ (2.2)

JEN JEN
as well as (using auxiliary space notation)
Y19 = M o + T M. (2.3)
The R-matrix of a XX model based on gl(n|m) with projectors (7, 7) is given by:
Ria(N) = X129 Pioa + Y12 sin A+ (I® I — X49) Pia cos A (2.4)

where Pjs is the graded permutation operator and A € C the spectral parameter. It obeys
Yang-Baxter equation, is unitary and regular.

The R-matrix for (generalized) Hubbard models is obtained by coupling the R-matrices
R12(>‘) and R%z()\) of two independent XX models, the coupling constant being related to
the potential U of the Hubbard model under consideration [8, 9, 15-17]. We stress that the
two XX models can be based on two different (super)algebras G; and G|, with two different
(graded) vector spaces V; and V| and two different projectors w1 and 7|, associated to two
different sets N} and V.

Introducing the parity matrix C,, (o =7 or |):

Co=)» B - EV=my—Ta, (2.5)

JEN 7EN

the R-matrix of the Hubbard model based on the pair of (super)algebras G; and G| is
given by:

Sin()\12)

RO ) = RL(Ap) RY, (A
12(A1, A2) 12(A12) Ris( 12)+sin()\'12)

tanh(R}y) Rly(Njy) Cpi Riy(Mo) Cl1 - (2.6)

where A2 = A1 — Ay and Njy = A1 + Ao. In the same way, hl, = h(A\1) + h(\2) and the
function hA(\) is such that
sinh(2h) = U sin(2X). (2.7)

Note that the site 1 for RE is composed from the tensor product of the site “1 1”7 appearing
in the matrix RIQ by the site “1 |” which is in the matrix R{Q. This is obviously the same
for any site we will consider in the following.



The R-matrix (2.6) is symmetric, regular and satisfies the unitary relation. Moreover,
when the relation (2.7) holds, the R-matrix (2.6) satisfies the Yang-Baxter equation:

RI5(M, A2) RIS, A3) RI3 (A2, A3) = RiE(Aa, A3) RIS(A1, A3) RIs (A, he) . (2.8)

Being equipped with an R-matrix with all required properties, we can proceed to define the
corresponding quantum integrable system, by performing the following steps: monodromy
matrix, transfer matrix and Hamiltonian. The L-site monodromy matrix is given

Tachrb>(N) = Rl (1, 0)... Rij (A,0) (2.9)
and its transfer matrix is the (super)trace in the auxiliary space:
t(A) = traTucy..b,>(A) - (2.10)

Then the generalized Hubbard Hamiltonian reads

L
e mt\)| = Heap (2.11)
with
Hy 1= (EP)t zzt1+ (EP)) zat1 +uCi C s (2.12)

where we have used periodic boundary conditions. The notation O;, ;41 means that the
operator O acts non trivially in the parts x T and (x + 1) T only. It acts as identity on all
the sites different from x and x 4+ 1 and also on the parts z | and (z + 1) | of sites = and
x + 1. Explicitly, one has

(Ep)a z,x+1 — Z {(_1)[ﬂEgzij(];ja:+1 + (_1)mE(];sz:Eéjx+1}
JJ

with & = 7 or |. The indices j and 7 run over N and A respectively.
One can also define the momentum operator:

exp(z’fa) :t(O) :PIL P2L ---PLfl,L- (213)

3 gl(2]1) & gl(2) model

3.1 Preliminaries

We consider an example of the above model for a particular algebra gl(2|1); @ gl(2);. This
notation means that for different spin value up or down we take different algebras in the
construction of the Hamiltonian. The generic expression of the L-site Hamiltonian is still
the same:

L L
Hyomage = Y _(EP)t eor1 + (BP) | sort] +u > (CraCla) (3.1)

=1 =1



but we now choose the projectors 7y and 7| to be such that

12 21 21 12 13 31 31 13
(EP)taa+1 = By By s + By B o — By B o + BV By
12 21 21 112
(Ep)l G El mEl 41T El :vEl z+1 >
11 22 33 11 92

Performing the Jordan-Wigner transformation one can write the Hamiltonian in terms of
fermionic creation and annihilation operators (for more details see section 6):

L L
Hgl(2\1)@gl(2): Z {c:rxgﬁ_lcocx + chcaﬂH-l} + U’Z(l - 2nim)(1 - 2n(T:m)
r=1

=1

a=T,|
L
d d d d
+ > {(4 er1Ca + ey —nf, = nf, )
=1

+ CJ{x—‘,—l CTde{aH—l dTaﬁ +C$chx+1 dJ{J:de'i‘l}

L
—u Z(l —2n{,)(1 - n%x)n‘%x (3.5)
=1
where n? , = bebax is the particle number operator for b = ¢, d, and we assume standard

relations between the operators (a, 8 =1, |):

{ch 2rcsy} = Ouy Oap; {dl, v dpy} = Oy Sup; {caz,dgy} =0. (3.6)

In the next subsection we present the system of Bethe equations corresponding to this
Hamiltonian. Then, in the following subsections, we explain in details the method we
used for our calculations: in subsection 3.3 we give the description of the coordinate Bethe
ansatz approach for the first step of “nested” gl(2|1) @ gl(2) problem. Next subsections
consist the explanations of the second and third steps of the problem.

3.2 Result for gl(2]1) @& gi(2)

As we shall see in the construction of the Bethe ansatz, the model describes three different
kinds of “particles” (%, €2} and €37) above a “vacuum”. The particles ¢*! and e can
be associated to spin up and down electrons, while e3! represents a “spin 0”7 fermion (see
section 6 for more details).

The energy of a state with NV excitations is given by

N
E=L-2N+2)_ coskpn (3.7)

m=1

and its momentum reads



where the “impulsions” (or Bethe paramaters) k,, obey the Bethe equations of our gi(2|1)®
gl(2) model:

. , Y
kil — (_1)K+N+1 isinkj 4+ iay, + - .
e Hlmnk‘ —i—Zam—%’ J ) ()
u K . , "
Nﬂzsmk S LRI = m=1,...,K(3.10)
1 ) —_ _H’ - gy .
isinkj +iam, — I=Listm A — 1 — 5
A(ﬁ)—ez;§<n1+ ) M =0, K, 1<ni<ns<..<ny<K (3.11)

where L is the number of sites considered in Hubbard model, N is total number of €27,
e?t and €31 “particles”. K counts the total number of excitations €2l and e*! and finaly
M numbers €3l “particles”. The integers n; correspond to the Bethe parameter of the last
level, but their Bethe equation has been solved: it just corresponds to the quantization of

these parameters (see details in section 4.4 that deals with a more general case).

3.3 Coordinate Bethe ansatz, level one

We use the coordinate Bethe ansatz to find the eigenvalues and eigenvectors of this model.
In this model we have 5 types of distinct excitations noted e'l,e?! €3l and e't,e?!. The
objects 2% are elementary vectors (with 1 in a position and 0 elsewhere) which form a
natural basis for the vector space V,, ~ C® (a and z hold to describe spin and position in
physical space). First of all we define the reference state (pseudo-vacuum):

L
¢o =[] erlert. (3.12)
r=1

In the following calculations we use the expression of the Hamiltonian only in matrix
form (3.1). The corresponding eigenvalue is given by:

Hyio1)ag12) $0 = uL o - (3.13)

We define an excitation by a pair (A,a), A = 2 or 3 (corresponding to vectors e?

3
or e?)
and a =T, | and there is no pair (3, |). The N excitation states of the Hamiltonian can be

written as

(A @] = Ulx, (A,@)]ep ™ .. efy N (3.14)

X
where the sum over x = (z1,29,...,zy) is considered without coinciding points x; =
Zpm such that oy = ayy, for any I,m = 1,..., N (this describes the exclusion principle

for identical particles). We also use the notation (A,@) = (A1, a1)...(An,an), and we
omitted the ‘empty sites’, i.e. sites carrying vectors e'lell.

Applying the Hamiltonian to (3.14), one gets the eigenvalue equation for the ¥ func-
tion, given by

N
Z — e, (A, @A + Ux + e, (A, @)AL) +
1

+((L —2N) lz xp — xp)0(0y # ay) — >\I/[X, (A,@)]A%=0 (3.15)



where e, is an elementary vector in CV with entry 1 on the m!” position and 0 elsewhere.
Also we denoted

AE =TT T 6 # 2n) [[0% @ # 2m)ot (@ # 2m £ 1), (3.16)

I#m n#£m l
A% =[] 0% (@ # =), (3.17)
l#n
S ay £ an) = 1= 8(z; — m0)8(0g — o) - (3.18)

All these symbols mean that there is no particle with the same spin on the same and
neighbouring sites with some conditions corresponding to each symbol (exclusion principle).

It is convenient in the following to denote ¥[x, (A, @)] simply by ¥(x) when there is
no ambiguity.

At the first step, we take a non-interacting regime, which implies 11 < 20 < ... < zn
(in other words, the particles are far enough from each other). As a consequence, all
symbols in (3.18) are equal to 1 and there is no interaction term. We look for a solution
of this equation in a form of “free particles”, namely W(x) o< ¥, where {k1,ko,...,kn}
denote a set of unequal numbers.

We get therefore the value of energy

N
E=L—-2N+2) coskp. (3.19)

m=1

In order to consider all other cases of the particle dispositions, we assume the Bethe
hypothesis for the general solution of ¥(x). We divide the coordinate space (z1,z2,...,ZN)
into N! sectors: for x4, < x4, < ... < Zgy,

Ug(x) =Y (—1)9@la(p,QP~!)eHox (3.20)
P

where P = [p1,p2,...,pn] and Q = [q1,q2,...,qn] are two elements of the permutation
group &y and Pk - Qx = ), kp,x4,. The symbol (—1)[9(@)] stands for the signature of
the Q-permutation when restricted to grade 1 particles (that is e37). For instance, we have
the property (valid for any permutation Q and any permutation IIj1): (—1)F9(@Mit1)] —
(—1)ls9@)+[AillAir1] - We recall that ¥(x) and accordingly ®(P, QP~') depend on the type
of excitations (4,@).

The coefficients ®(P,QP~!) are not all independent and the application of the Hamil-
tonian represented in equation (3.15) can reduce their number in several cases.

1. Let us consider the sector 74, < ... < xy < g, K Tgy With x4, = x4, — 1 and
ag, = g, In this case Ay =0 and AQILZ, = 0, all other symbols in (3.18) are equal
to 1. Thus, equation (3.15) becomes

> (Valx—en)+Uq(xten) ) +Uq(x—eq)+Uq(x+ey,,) = (B-L+2N) Ug(x)
m#qi,qi+1
(3.21)



Using (3.20) and performing simple algebraic calculation we obtain
(Il P, QP ') = —®(P,QP ), (3.22)

where Il is the permutation of objects a and b which are linked to 4,2 + 1 by
p~(a) =i and p~'(b) = i + 1. This relation holds for any value of Ay, and A,,, .

. Now let us consider another case: 4, < ... K x4, = Tg;,, < Tgy and ag, 7# g, -
We denote by @Q the sector where i and i + 1 are permuted (i.e. Q = QIl;11). It
implies that the equation (3.15) becomes

Y [Tox—en) + Tox+em)] + To(x —ey) + Tg(x +eg,)+
M#~Gi,qi+1
+\I]Q(X - eQ¢+1) + \IIQ(X + eQ¢+1) + ((L - 2N) - E) \I]Q(X) =0. (3'23)

On the other hand, we have the condition of continuity of the wave function
Vo(x) =Vq(x) with x4 =4, (3.24)

These last two equations together give two conditions on the coefficients ®(P, QP~1)
which can be written in matrix form

([P, QP™Y) \ [t Tab O(P,QP1) (3.25)
(P, QP ') ) \rap ta ) \ ®(P,QP'1L,) ’

2i(Aa — A\p) —u
Tab = .
UH2iha — X)) P U+ 20 — Np)

These equations also hold for any type of excitations (any value of A, and A, _,).

with

tap = (3.26)

We set A\, = sin k, to simplify the expressions.

Before applying the periodic conditions on the coefficients ®(P,QP~!) (henceforth
we will rename QP! simply by Q), we rewrite equations (3.22) and (3.25) in a
compact form. Let us introduce the vector

(P = Y OPQ (A d)]|(Ay,aq):- -+ (Agys agy) > (3.27)
Q. (A@)

where the sum is over all types of excitations and all corresponding sectors. The vector

|(Agy, 1), - -, (Agy, gy ) > belongs to V1 ® ... ® Vi, where V = span{2 1,2 [,3 T},

and represents one state in the space of N excitations. Let us illustrate by an example

for N = 2 excitations: in this case we have 6 types of different excitations.

> @P,Q, (A,a)]|(Ag, 0q)s Ay, 0g,)>= ®(Pyid, 1)[21,21> +8(P,id, 2)|21,2 | >
Q.(Aw
+®(P,id,3)[2 1,3 1> +O(P,I12,2)[2 |,2 1> +®(P,id, 4)[2 |,2 |> +
+®(P,id,5)[2 |,3 1> +0(P,T12,3)[3 1,2 T> +®(P,1112,5)|3 1,2 | >
+®(P,id,6)|3 1,3 1> . (3.28)



Thus, for N = 2 excitations we can express (3.22) and (3.25) by

b(I1oP) = (—1)B(P,id, 1)|2 1,2 1> + [t12®(P,id, 2) + 112®(P, I12,2)] 21,2 | >
+ [tlzq)(P,le,Q) + Tlgq)(P, id, 2)] |2 1,2 7> —|—(—1)‘1)(P, id, 3)|2 17,3 1>

= S (A — A2)B(P) (3.29)
where we introduced the so-called S-matrix Sg)()\):
21,2 1> -1 21,2 1>
|2 17,2 |> ti12 12 |2 7,2 >
21,3 1> 0 1 21,3 1>
|2 1,2 7> 712 t12 |2 L2 7T>
SV —X) | 1212 ]> 1 21,2 |>
|2 1,3 71> t12 12 |2 1,3 T>
37,2 1> 1 0 37,2 1>
|3 17,2 |> 12 t12 |3 17,2 |>
31,3 7> 1) \31,31>
(3.30)

The coefficients t12 and ris are defined in (3.26).
repeated for an arbitrary number IV of excitations, and we obtain

The same reasoning could be

(e P) = S (Aa = M) B(P),

a

(3.31)

where the matrix 52117)()\@ — X\p) acts nontrivialy only on vector spaces V, ® V4. It
satisfies the Yang-Baxter equation:

S (A = A2)85 (A1 = A3) S5 (Ao — A3) = 55 (Ao — A3)S5 (A — A3) S8 (A1 — M)
(3.32)

3. In order to obtain the Bethe equations we should apply the periodic boundary
conditions on the function ¥(x). Let C be the cyclic permutation given by C' =

Iy ... IIyny—1. More precisely the periodicity condition means

Woc(x+ ey L) = Uo(x) (3.33)
which implies a condition on the coefficients ® (P, Q)), namely
O(PC) = e*rnLH(P) (3.34)

choosing P = CN~7, one derives a system of equations satisfied by the coefficients
‘i>(zd) which is called “auxiliary problem”. For j =1,..., N, it reads

s sMew

1 2. kL& /-
L 838 8t d(id) = e™ P d(id) (3.35)

here we omitted the arguments in S-matrices, S((lll)) = S&)(}\a — ).

If we could perform the diagonalization of the left-hand-side in the general case, it
would be possible right now to write the Bethe equations for our model. The form of matrix

SC(L})) requires to use again the coordinate Bethe ansatz to solve the auxiliary problem.



3.4 Auxiliary problem, level two
Again we have the equation on eigenvectors and eigenvalues to solve, but contrarily to the
first step the Hamiltonian is a little more complicated:

e

1 1 1
e SN)SL - S8 = A (3.36)

Since the matrix S() is regular, the above Hamiltonian can be identified with £()\;), where
we have introduced a new transfer matrix

E) = tro (S o1 = A) - SO = ) SEI00 =) ST g0y = 2) ST Oy = )

Since SN obeys Yang-Baxter equation, this new problem is indeed integrable. We can
thus perform the Bethe ansatz again.

First, we slightly modify the S-matrix Sg) — —Sg) = 512 to simplify the following

calculations. Thus, it is given by

. iA1= A
S12(A1 = A2) = P2 —t12K12, with 5= m7 (3.37)
Py= > EV@E", (3.38)
0,j=1,2,3
Klg _ Z (Ell ® En + En ®E11 +E12 ® Eil +Ell ® Elz) ) (339)
i=2,3

We use the coordinate Bethe ansatz to proceed with this problem. At this step we have
only three types of different excitations: e?!,e?! and e3!. At first, we choose the reference
state (pseudovacuum) to be

with eigenvalue A = 1.

Applying the S-matrix on different states (on the pseudovacuum e? and two excitations e!

and e3), we get

S12(A1 — A2) el el =l ezl,

Sio(M — M) e @ e = et @ 4 (1 —t1p) 2 @ e,
SioM —A) et @et = —tpePt @e + (1 —t) e @ e,
S12(A1 —)\g)eA el =P @et with A B=21,37.

We first consider the “non-interacting” regime, which implies to solve the equation with
only one excitation. Let A =2 T or 3 T and indicate the type of the excitation

G(A) = foael. (3.44)

We will forget henceforth the A index to simplify the notations.

,10,



Here, contrarily to the first subsection, it is not obvious to readily calculate the Hamil-
tonian action on excited states. We can do it step by step introducing a recursive Hamil-
tonian (for details, see [19])

ijkj B Sj—1j¢ = A](b (345)

and recursive coefficients fm(k) which represent the action of the recursive Hamiltonian on
the coefficients f,. One gets the following relations

> Vel = 8505 faed,

: (3.46)
Z fék)eﬁ = ijkj cee Sj—lj Z fmef .

We write down the recursive relations between coefficients f;,Ek) and fm(kfl). Forx # j,j—k

79 = o,
£ =t £ (=t £ (3.47)
1 = =t f D + (=t Y.

Skipping the details of calculation, the solution of the equation (3.45) gives a relation

between different f,. Closer considering shows that one needs to introduce an additional

constant a (particle rapidity), such that

fx+1(a) _ ’L)\m +ta + %
fela) — idpi1 +ia— e

(3.48)

Thus, we can write down the expression for coefficient f, and the eigenvalue corresponding
to one excitation. We normalize f; = 1, then we have

r—1 . . n
fola) =11 (— P £ 0t ZE> : (3.49)
m=1

i>\m+1 + 1a — 1

_i)\j +ia+ %

. 3.50
i)\j +1a — % ( )

i =oja) =

It is convenient to write down some relation between iterated coefficient fm(k)7 fr and o:

Z')\1—|—’L'CL—%
iNg +ia— 4

fzla) = o1(a)...00-1(a)
fi(a)

®) () —
f;7(a) oj_1(a)...0j_k(a)’

£ (a) = 0j(a) fi—(a).

(3.51)

Starting from the initial equation (3.36), we can choose j = N and without any loss of

generality we can derive the equation which represents the Bethe equations on rapidity a by
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application of the initial Hamiltonian on f,(a). It also automatically implies the periodic

boundary condition
N
I om(@) =1. (3.52)
m=1

All these results hold for any type of excitation e?! or €31 (we neglected the index A above).
Now we can proceed to the case of K excitations. Let A be a vector (A1,..., Ax) with
A; = 2 1,3 1, which represents the combination of different excitations in consideration.

The eigenvector is naturally represented as
G(A) = T(x,A)ell ... efK (3.53)
X

The sum is done over all coordinates x; without coinciding points x; = zj for any i,k
(exclusion principle).

We use the Bethe hypothesis for the coefficients W(x, A), in the sector z, < x4, <
... < xq, where Q = [q1,...,qK] is a permutation of the integers 1,2,..., K:

U(x, A) = Y S(P.QP™ A) fuy (ap) fugy (@p) - Frgye (@prc) (3.54)
P

where fz, (ap,) is the one-particle solution with rapidity a,,. We will omit the index A to
simplify the notations. As above, one can reduce the number of coefficients ®(P,QP~!).
At this stage we will consider K excitations of different types. Therefore we have
K!/M!(K — M)! sectors x4, < gy < ... < Tg,, where M, K — M are the numbers of
excitation of type 2 T and 3 T respectively. Acting with the recursive Hamiltonian on the
eigenvector ¢, see (3.45), we are able to write down the relations between different \Pg) (x).
We consider j to take the biggest value such that we do not have any excitation on the
sites bigger than j. Several cases can occur, depending on whether there is an excitation on
sites j and/or j — k. If there is an excitation on site j, it must correspond to x4, = j. For
the site j — k, there exists ¢, such that we have either x4, < j—k < z,,,., (no excitation

at site j — k), or z,,, = j — k (one excitation at site j — k). Then, we have

v (x) = 5V (x), for x#j.j -k, (3.55)
Ry, L gk, T } (k1) -
g s L) = gy E ) () ),
with Q' = QUgpmi1... lgr_1 for x#j—k,
(k) Lam, (k*l) Tam, (k*l) Lam,
Q( ’j—k’ ) J—ki*Q ( ’j—k’ )"’( ]kj) Q ( ’j’ )

with Q' = QUi ... Wpme1 for x#j

In this last case, we have also the exclusion principle: for any n # m, x,, # j,j — k.
When two excitations are on sites j and j — k, with x4, = j and z,,, = j —k, we have:

gl (ceosd—Fkyeiiygyen) = gD (...yjy--yj—k,...) for non-identical excitations,

Q QHKm
\Iféf) (coosd—Fkyeiiygyen) = \I’(g*l)(. ooyj—k,...,3,...) if the excitations are identical.

- 12 —



On the one hand, we have the Bethe hypothesis for the coefficients ¥(x) composed of the
one-excitation functions f,,; on the other hand, we have the relations for the iterated coef-
ficients, it is natural to calculate how the iteration passes to the one-excitation functions.
In other words, we want to calculate the coefficients Wg)(x) in terms of the iterated free

excitation functions f;,gk)(ap).

After first iteration for any x except the coefficient \I!(Ql)( o g—=1,...,4,...) we find

=S e(P.QP ) D (ap) fD (aps) . £V (ap) - (3.56)
P

a2 9K

(1)(‘

The next iteration will allows us to make an assumption on the form of Vo'(od —
1,...,4,...). Thus we calculate the coefficients \IJ(QQ) (x) except again those where two

coordinates coincide with j—2 and j. Skiping the calculations we find for the first iteration

WO (g1 Z@ (QUkr—1) P D (ap,) - 1 (e ) £ ().

This implies the conditions
WO (o= 1,4,..) = Ug(...,j—1,4,...) for identical excitations (3.57)
\I’(Ql)( i =14,...) =¥g(...,45,7—1,...) for different type of excitations (3.58)

with Q' = QIlx k1. It is useful to notice that for identical excitations QIIx i1 defines the
same sector as (). These equations give the connection between ® (P k1, Q(Pllkr 1)~ 1)
and ®(P,QP~!) for some sectors Q. We will consider it precisely in the general case.

For the second iteration we find

2)
wo( Z ®(P, QP D (ap,) - £2) (ap) (3.59)
except
WO (g =L ) = Y (P Q)PP () - £ (e ) F ().
P
(3.60)
and as in the previous case we have two “undefined” coeflicients \I’(Q)(. e =2 g,

and WO(.. =2 5—1,...,4,...).

Generalizing these results until the (k+1)-th iteration, we make again a set of assump-
tions for the coefficients of type \I/(k)(. .yj—k,...7,...). Hence, for the k-th iteration, we
find the coefficients

v (x ZfDPQP N8 ap) . F ) (ap) (3.61)

ar
except a set of coefficients. Let n; be integers such that 0 < nqy < ng < ... < ny < k,
I=1,...,k—1, that label the position of the possible excitations between j —k and j. We
have a set of assumptions made from (k 4 1)-th iteration.!

In order to make the notation shorter we do not write the dots ... for unchanged indices when it is not
ambiguous.
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If there is an excitation in position j — k, we have:

v (G k) Z@ (QUEP ) £ (ay,) . £ (e )1 () (3.62)

WWU—kJ—nhﬂ= (3.63)
Z«b P (QUE2E Y P 10 (ay,) o 1 (g ) 1 (e )1 ()

qlgg)(j_k7]_nl77]_n17]): (364)
S (P (QUET TP £ () o F P (e D F () - O, (a0
P

VS (kg k+1..,5—1) = (3.65)
D0 QU P ) ) ) £ o)
K 2q \p1) - S5 \pye )]k \Opgeppq) - Jj—1\Op

If there is no x equal to j — k, from the calculation we have

\I’( (J —n1,J Zq) QHK Bl l)f(k)(apl)"'fj (apc_ 1)f m(apx) (3.66)

Tqy

k
\II(Q)(.] _nQaJ _nh]) =

N (P (QUEIE Y P ) 10 (ay,) . £ e ) (@ D (ap), (3.67)
P
VG —k+1,...,5—1,]) = (3.68)

3 8P QUM TGP N an) - 1) e )y s ) - 7o)

We can write a set of conditions from all made assumptions to determine the relations
between different ®(P, P~1). One can see that we can consider only the k-th iteration to
derive the necessary relations. More exactly we have k equations to satisfy

\I]gg)(j - k?] — Ny .- aj _nlaj) = \I]gffl)(] - k?] — Ny aj _nlaj) (369)

for identical excitations corresponding to j and j — k. Remark that in this case Ql‘[gfl*1

is identical to Q.
For non-identical excitations, we have

k . . k—1 .. . .
( )(]_k] . ]_nlaj):\II(QHK)—I—I(]aj_nl7"'7]_n17]_k) (370)
K
with [ =0,...,k — 1 in both cases. Hence we have a set of conditions:

Z o(P, (QUE Y P W B a, O FE () ) (ap) =

—Z@ PQUE ) P D g T @) S8 D ().

Tj—mnq
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Using the expressions obtained for iterated one-particle functions (3.51) and omitting
all the algebraic calculations, we have the expression valid for any sector ) and any type
of excitations:

CI)(P, prl) iapi — iapi-u +

u
_ 3 .
= Qpipit1 = - . for i=K—Fk,...., K—1.

O (Piiq1, Q(PlLi41) 1) PP g, — dap,,, — % .
3.71

Before applying the whole Hamiltonian (3.36), which also represents the periodic

boundary conditions, on the coefficients ® (P, Q P~1), we rewrite the obtained equation (3.71)
in a form gathering all possibilities of excitations A = (Ay,..., Ax). At first we introduce
an object (henceforth we will rename QP! simply by Q)

O(P) =D B(P,Q,A) Ay, ..., Agy > (3.72)
Q,A
where the sum is over all types of excitations and all corresponding sectors. The vector
|Agy,s .., Age > belongs to V4 @ ... ® Vi (where V = span{e?!,e31}) and represents one
combination of K excitations. To explain the notation we write an example for K = 2
excitations. In this case we have 4 types of different states:

> (P,Q,A)|Ag, A, > = O(P,id,1)[2 1,2 1> +®(P,id,2)|2 1,3 1> +
Q,A
(I)(P,H12a2)|3 Ta2 T> —|—‘1)(P, Zda 3)|3 T’3 T> .

Thus, for K = 2 excitations we can express (3.71) by

B(11P) = oy (B(Pid 1)[2 1,2 1> +@(P,id,2)[3 1,2 1> +

where we introduced, as in the first section, a new “S-matrix”, noted Sg). One can see
that this S-matrix in this case is a pure permutation.

The same reasoning could be repeated for an arbitrary number K of excitations and
we obtain

(I, P) = o, Py®(P), (3.73)

where a = p(i), b = p(i+1) and the permutation P, acts nontrivialy only on V, ®V}, vector

spaces. Obviously, the matrix Sg) being a permutation, satisfies the Yang-Baxter equation.
To obtain the Bethe equations we apply the periodic boundary conditions which are

automatically implied if we pass to the initial equation (3.36). We choose j = N, to get

v (x) = Ay To(x).

If no x equals N, we find the eigenvalue Ay = on(aq)...on(ax) where o is the eigenvalue
of one excitation function (3.50). Otherwise, the equation

\I’(QNil)(xl""’N"”’xK) =An¥Yqo(z1,...,N,...,2K)
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leads to additional condition on the coefficients ®(P, Q). Hence, in terms of ®(P), we have

N
&(PC) = ] orlap) &(P)
k=1

where C' is a cyclic permutation given by C' = Ilxq ... lgg_1.
Choosing P = CK~™, we can derive a system of equations on coefficients é)(zd) which
will be called “auxiliary problem 2”:

@

m+1m **

N
S 888 d(id) = [ onlam) ®id) for m=1,...,K. (3.74)
k=1

At this stage, we arrived to the third step of nested coordinate Bethe ansatz. We have
only 2 types of possible excitations e?! and €3 and the Smatrix (3.73) is a pure permutation.

3.5 Permutation problem, level three

As mentioned above, we have only 2 types of “particles”: e?! and e€?! and an equation
composed only with permutations:

H;¢=Pji1j... PijPyy...Pj_1j¢=Ao. (3.75)

Again, we solve the problem with the coordinate Bethe ansatz, and fix the first “par-
ticle” e?! as the “new” vacuum state

K
Pm=0 = HG?T, A=1. (3.76)
i=1

The second “particle” (e3") represents some excitations above this vacuum state. One can
verify that the function

M

ou() = > @[] (3.77)
r1<xo<...<Tpr =1

with

V@)= ) ‘P(P)ngi(ap(i)), gz(a) = a” (3.78)

PeSy
is an eigenfunction of this permutation problem if the coefficients ®(P) obey some condi-
tions that we formulate below.

Acting with the Hamiltonian H; gives only the periodicity condition on the coeffi-
cients ®(P):
O(PC)

W = [a’p(M)]K , C=1Ihnre . Mar—1m - (3.79)

We assume a simple condition on the coefficients ®(P):

(Pl 1) = ®(P) for i=1,...,M. (3.80)
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Imposing these conditions and periodicity leads to

27i

gz(a(n) =ex™ n=1,..., K. (3.81)

Therefore the eigenvector can be written in the form

M
(bM(ﬁ) = Z Z He%nl’(i)xieil with 1 <ni<ne<...<ny<K.
r1<zo<...<zpr PeS,ri=1
(3.82)
It has the eigenvalue
M 2mi 211
Ay =J]e® ™ =exp <7 m) . (3.83)
j=1
Then, the total number of states ¢as(ny,...,nar) is

K K!
2 b= (M) ~ MK — M)! (3:84)

0<ni<no<..<npy<K-1

which is the right number of eigenfunctions with M excitations. Hence the conditions (3.80)
and the functions (3.81) solve the permutation problem (3.75).
Gathering the results of sections 3.3, 3.4 and 3.5, we get the Bethe equations written

in section 3.2.

4 Generalization to gl(n|m) @ gl(2) model

In this section we generalize the results obtained in previous sections to larger alge-
bras, namely the case of gl(n|m); @ gl(2); Hubbard model. The Hamiltonian is given by
the expression

L L
Hymimag@ = 3 [(EP)t vai1 + (EP) sar1] +u Y (CroC)a), (4.1)
r=1 r=1

with the notation:

n+m

(EP)T zz+l = Z <E ET z+1 + (-1 )ME ET :1:+1) (4.2)
a=2

(EP) w1 = BESE o + LB (4.3)

n+m

. =Bl - ZEM; C|, = E[}, — Ef (4.4)

T

and the grading we use is given in (2.1).
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4.1 Result for gi(n|m) & gl(2)

We first gather all results detailed in the following sections and write down the Bethe
equations of our model gl(njm) & gl(2):

) < k:'—l—m _|_2
iyl (RN T RS T M T s N (45
‘ (=1) Hz’sink:j—i-iam—%’ J=L o No(45)
m=1
LN | P RALTRS SESNFTI § R m=1,.. K (46)
e sin kj + 10, — % i i — ia; — % ’ ’ s
. M
2
AED) = exp (gm@n) A =Y 0
-1
0< M<K and 1§n§3)<n53)<...<n§5])§K (4.7)

where L is the number of sites considered in Hubbard model, N is the total number of
e2b 2l 31 . e(tmT “particles”. K counts the total number of excitations from e?! to
e ™1 and finaly M numbers the €3',... (™™ “particles”.

There are Bethe parameters ngk), 3 < k < m+n, for each particle e*!, but they don’t
show up in the Bethe equations. In section 4.4, it is shown more precisely how all these
remaining parameters (that are quantized) appear in the Bethe ansatz construction.

The energies associated to these states are given by

N
E=(L-2N)+2) coskn (4.8)

m=1
and their momentum reads

N
P=> km. (4.9)
m=1

Let us note that the Bethe equations for gl(njm) @ gl(2) are very close to the ones
obtained for ¢i(2|1) @ gl(2). This is due to the particular projectors we have chosen,
see eq. (4.4). More general models (and Bethe equations) can be obtained varying these
projectors: we come back on this point in section 5.

4.2 Coordinate Bethe ansatz, level 1

We solve this model via the coordinate Bethe ansatz. In this model we have n +m + 2
types of different “particles” denoted by e!l,e2l, ... (™™ and el 2. As in previous
case we choose the vacuum as

L
Yo = H e;Te}Cl .
r=1
The excitations above the vacuum state are given by

S[A] =) W[x, Alegl ey (4.10)
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with indices A; =2 1,3 1,...,(n+m) 1,2 | corresponding to vectors e?!,e31.. .. elmtmT
e?'. The sum over x is again considered without points where two “particles” with the
same spin are on the same site. N describes the number of all excitations and goes from
1 to L. In (4.10), the sites carrying vectors ejl-Te}l , not associated to any excitation, have
been omitted.

Now we assume the Bethe ansatz for W(x) and follow the steps detailed in section 3.

We divide the coordinate space (x1, 22, ..., zxN) into N!sectors. For zg, < x4, < ... < Zgy,
we have
Uo(x) = Y (-1 @lep, QP ex (4.11)
P
where P = [p1,p2,...,pn]| and Q = [q1,42, .. .,qn] are two permutations of the integers

1,2,...,N and Pk-Qx =) kp,xq. As in previous section, the symbol (—1)[59(@)] stands
for the signature of the Q-permutation when restricted to fermionic particles e™tD7T ...
(™1 We recall that VU(x) and accordingly ®(P,QP~!) both depend on the type of
excitations A.

We gather all the coefficients ®[P, QP~!, A] in a vector

O(P) = BP,QP T A|Ay, ..., Agy >

Q7Z

qN

where the sum is done over all possible types A and all corresponding sectors Q). A vector
|Ag, ..., Agy > represents one state of N possible excitations and belongs to V1 ®...®@ Vy
(where V- =span{2 [;2 1;3 154 T;...;(n+m) T}).

In the case of only two particles (N = 2) we are able to introduce the S-matrix:
@(MpP) = 513 (O = 2)B(P).

Here, Sg)()\l —Xo) = Sg) acts on elementary vectors |A;, As > as

SR L21>=—[21,2]>, (4.12)
SHI21LA> = t1n]2 |,A> +r12|A4,2 |>, (4.13)
SUIAB>=—|B,A> for AB=21,...,n+m)] (4.14)
where 2400 2)
by = (A1 2 - U

u+2i(A — Xo)’ u+2i(A — Ao)
For an arbitrary number of excitation N we have

(I P) = Sy (Ao = M) B(P),
(1

where the matrix S a}) acts nontrivialy only on V, ® V} vector spaces.

Again, the periodic boundary condition on the function ¥(x)
\I’Qc(x + eqlL) = \IIQ(X) with C =1IIny... IIyy_1
leads to the second step in our problem:

s

DL sGs st b(id) = M Pd(id)  j=1,...,N. (4.15)

J
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4.3 Auxiliary problem, level 2

As in the previous section, we transform slightly the S-matrix Sg) — —Sg) = S to
simplify the calculations. The idea is that we work in different steps to diagonalize these
matrices S12 via the coordinate Bethe ansatz. At each step we specify a “new” vac-
uum and “new” excitations. At this step we have n 4+ m types of different excitations:
e2b €21 31 .. et mT,

5.

Choosing the “new” vacuum as

N
go = [ 2 (4.16)
k=1
the state of K excitations of any type is written as
G(A) = W(x, A)el ... e (4.17)

where the sum is done over all coordinates x; without coinciding points x; = z;, for any
i,k (exclusion principle). A is a vector (Aj,...,Ag) with 4; =2 1,3 1,...,(n+m) |
(corresponding to 21, €31 ... e(™™1)  Again, sites carrying e?! (no excitation) have been
omitted in (4.17).

The Bethe ansatz for the coefficients W(x, A), in the sector z, < x4 < ... < Ty
where Q = [q1,. .., qk] is the permutation of the integers 1,2,..., K, is given by

Vo (x, A) = Z (P, QP_17 A)f$q1 (apl)faqu (apy) - fqu (apg) - (4.18)
P

fz(a) is the one-particle solution (for any type of excitation A) with rapidity a:

rz—1 . .
PNy + 10+
fola) g( Mmﬂm_%) (4.19)

The eigenvalue corresponding to this state ¢(A) takes the form
Aj zaj(al)...aj(a;() (420)

where 0;(a) is the eigenvalue of the one-particle solution

1Aj +ia + %
j =" 4.21
Next we gather all the coefficients ®(P,QP~!, A) in a vector
O(P) =) B(P,QP ' A)Ay, ..., Agy > (4.22)

Q7Z
where the sum is over all types of excitations and all corresponding sectors. The vector

|Agy, ..., Age > belongs to Vi @ ... ® Vi (where V = span{e?!;e3T;...;e(™™T1) and

» Hak
represents one combination of K excitations.
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Application of the Hamiltonian (4.15) on the excited state ¢(A) gives two types of
conditions imposed on the coefficients @(P) From the first one, in the case of only two
“particles” (K = 2), we can introduce again a S-matrix corresponding to the second step.
The second type implies the periodicity condition. Thus, the S-matrix is defined by

(M1, P) = SV (a1 — ax)®(P) (4.23)
with ) o 4
a1 — 1a9 5
Sg)(al — ag) = 0412P12, and 12 = —i . (4.24)
a1 —1ag — b)
For an arbitrary number K of excitations we have
(11 P) = S (a; — a;)(P), (4.25)

where p~1(j) —p~'(i) = 1 and the permutation Si(f)(ai —aj;) acts nontrivialy only on V;®V;

vector spaces. The matrix Sg) (a1 — ag) satisfies the Yang-Baxter equation since it is a
permutation.

The periodic boundary conditions on <i>(P) implied by the action of the Hamilto-
nian (4.15) is written in following form:

2
R

N
.Sg) S%Q) 5(2 H d(id) for m=1,...,K, (4.26)

where the S-matrix arguments were omitted for simplicity.

4.4 Permutation problem, level 3

Thus, we arrive to the third step of nested coordinate Bethe ansatz. Here, we have €',
e, .., em™T “particles” that move ‘freely’, the Hamiltonian I' being constructed on

permutations only:
IF'é¢=Pji1j...PkjPij...Pi_1j 9 =Ao. (4.27)
Note that I' is a cyclic permutation, and is independent from j.
We choose the “particle” e?! as the vacuum state:

K
dv—o=[]ef',  A=1, (4.28)
i=1
and introduce the function
Z (7

It describes a state with M excitations above the vacuum state ¢p/—g.
The coefficients W(%) are defined in the sector 1 < z41) < Z4(2) < -.. < Tgr) < K,
with Q € Gy, by

::1:

el, A;=31,47,...,(n4+m) T . (4.29)

Ty

2:1

Vo@) = > o®(ppr! Hg%(z) p(z go(a) = a®. (4.30)

PeGy

— 21 —



-,

One can verify that gbg‘?/})( ) is an eigenfunction with the following eigenvalue

M
A= Hag?’) (4.31)
=1

if some conditions, which we precise below, are satisfied.
Application of the Hamiltonian gives only the periodicity condition on the coefficients
oG (P,QP~):

(b(B)(PC, prl) _ [ (3) ]K

O(P,QP-1)  [WOnl C =T ... Tar—1n - (4.32)

As in section 3.5, we assume some relations on the coefficients <I>(3)(P, QP~1), but, now,
the form of these relations depend on whether the particles are identical or not. If, for a

given 4, x; and x;41 correspond to identical particles we impose
) (I, i)pie 1y P, QP ™) = 2B (P, QP ™), (4.33)
while, otherwise, we set
) (My)p(i1) P, QP Mhyippiry) = (P, QP71). (4.34)

As we can see, there is a sector changing in the relations above, and we proceed
recursively using the same methods as above. We introduce

o (P) = oW [P,Q, A]|Ay,, ..., Agy > (4.35)

Q7A
where the sum is over possible types A and all corresponding sectors Q € &j;. The vector
|Ag,,...,Agy > represents one state with M excitations and belongs to V; ® ... ® Vy

(where V = span{e®!, e*!, ..., e(™™T1) Then, relations (4.33) and (4.34) can be rewritten
in the following form

DI P) = S/ 2(P), S5 = P (4:36)

Therefore, the periodic boundary conditions on ®(P) implied by the action of the chain
of permutations is written as

Priim - PumPim .. Pr1m®® (id) = a5 0O (id), m=1,...,M (4.37)

but here we have already only €31, . .. LemtmT “particles” involved in the calculations. Thus,
we arrive to the next level of nested coordinate Bethe ansatz, with, again, an Hamiltonian
built on permutations only, and a new chain of length M.

Using the previous considerations, we repeat the same method and we “eliminate” one
by one the “particles” €3, ...up to e™™=DT choosing it as the vacuum state at each
nested level.

We suppose that we have Mz “particles” of type 31, My of type e*!,..., My m of type
e T 5o that Ms + My + - 4+ Mppm = M. At each level k =3,...,n+m — 1, we have
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particles e DT (™71 a5 different types of excitations above the vacuum state built
on ekl The eigenvector ®*)(id) can be written in the same form as in (4.29) and (4.30),
with the set of Bethe roots {a§k+1)}i]\iﬁ+l+"'+M"+m and the coefficients ®*+D (P, QP~1)
with P,Q € Gyt Myym- These coefficients are used to write the vector SHHD) (i)

that obeys the periodicity condition:

Pm—l—l,m o PMk+1+~~~+Mn+m,mP1m o Pm_l,m@(kﬂ)(id) _ [a,(ﬁJrl)] My A+-+Mntm ci)(kJrl)(id),

(4.38)

form=1,...,(Mgs1+ -+ Mptm)-
Also, we find the periodicity condition of the previous level (when we pass from level

k —1 to level k)
Mk+1+"'+Mn+m

= I oY (4.39)

(k
[am =1

form=1,...,(Mgy1+- -+ Mytm) and k=3, ..., ntm—1 with My=K—(Ms+-- -+ Mpim).
At last level, we have only one type of excitations e(™™1 on the vacuum state e(™m=11

)] Mk71+"'+Mn+m

and we can see that it is the same case as in the permutation problem of the model

gl(2|]1) @ ¢l(2). Thus, using the relation (4.39) for ¥ = n +m — 1, we find the following

(nfm)

Bethe equations which link the case of one type excitation e T and the previous level

with two types of excitations {e("tm=DT e(ntm1T1.

Mn+m

—1 .
[a§n+m )]M"+m72+M"+m71+M"+m = H a§n+m)7 1= 17 - 7Mn+m—1 + Mn+m7 (440)
j=1

together with the result obtained from gl(2|1) @& ¢i(2) model

n(vn+m)
| A
™) = T M i = 1 Mg (4.41)
1<n™™ <nf™™ < <nf™ < Mopmet + Moim . (4.42)

In the same way, we can write the Bethe equations corresponding to the transition

n+m—1)

between level with {e( T, e ™1 and the previous one

Mn+m71+Mn+m

[a§n+m_2)]M“+‘“*3+"'+M“+‘“ = H a§n+m—1)’ i=1,...,Mytmo2 -+ + Mupinm

j=1
(4.43)
and we can continue this recurrence up to a®.
Solutions for every set of Bethe roots a*) can be computed as following. For k =

3,...,n+m—1with My =K — (Mg + -+ 4+ Mytn) we have

M4+ M,
n+m m n+m _(m)
Zm:k+1 o1 i

(k) B m n;'“).;_ Mp++My _ M M
a;” =e¢ y J= 7"'7( k+--+ n+m)
1< <nl < <nl) L S Mgt Mg, (4.44)
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Therefore, the function is the eigenvector of the initial permutation problem (4.27)

=3 Y 3 o®(rqpr- )H[ i]xqmegi 602 1) (4.45)

QEB) TeQ PGy

where we denoted explicitely the ‘empty sites’ (with no excitation) as ¢o(2 7).

The coefficients ®®)(id, Q) gathered in G (id) are connected with the next level
coefficients ®@ (id, Q). To see it, we fix the value of M3 and consider vectors B which
characterizes excitations of the form

M—Ms Ms

B=(n+m)T,...,(n4+m)T,...,47,...,47,37,...,37). (4.46)

Then, we consider the restriction of the relation (4.35) to

®G)(id)

=> @9id,Q,B||By,, ..., By, > . (4.47)
Q,B

)

restric.

One can recognize in this term the gbg\zyf Mg(B ) coefficient (here we take only first M — Ms;

values B):

B 5 M—Ms
> 2Wid, Q, Blelt y) €, i g,y P08 1) = v(@) [ eBioo31) = 64 a,(B).
Q ye[1,M] i=1

(4.48)
with y; = ¢ 1(i) for i = 1,..., M — Mjz. In the left hand side of the equation efﬁl(i) are
the operators which create the corresponding excitations B; on the site ¢~!(i) of the chain
of particles 1.

Therefore, using the same ansatz as in (4.30) for ¥ (%) in ¢M s ( B) we can identify
the coefficients ®) (id, Q) as

— M3
Vid,Q,B)= Y oW (PQP ', B) lj ali]’ (4.49)

PeGn— g
with Q' € &pr_py, defined by ¢'(i) = (i) for i =1,..., M — M3 and
Bi=41,...,(n4+m) T, i=1,....,M — Ms. (4.50)
In the general case, the coefficients q)(k)(p’ Q) are defined by the same relations: for
k=3,...,n4+m— 2, we have
My 1++Maim

o®(id, Q, B) = 3 o*+)(P,Q'P~L, B) a1 (451)

P66A1k+1+»-»+M =1

n+m

where Q" € G\ 1oy M, 15 defined by ¢'(7) = q(i) for i =1,..., My + -+ + My,
B; = (k+1) T,...,(n+m) T, i=1,..., Mgp1 + -+ Muym

and there are relations similar to (4.33) and (4.34).
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At last, when k£ = n+ m — 1, using the results of ¢gi(2|1) & g{(2) model, we get

Mn+rn—1+Mn+rn

N EDS [ O o O )

PeGA{n-Hn—lJF]Mn-Hn =1

Equations of the type (4.49) and (4.51) together with relations (4.33) and (4.34) allow us
to derive all the coefficients ®©)(P, Q). The eigenvalue reads

M . M .
2 2
AGED, ) = AED) = TTal = exp (S22 0l”) = exp (Z=]) . (4.53)
i=1 =1

The Bethe parameters #(¥), k > 3, ensure the correct multiplicity of eigenfunctions. Indeed,

the total number of states ¢M(ﬁ(3), O ’ﬁ(n—km)) i
K\ mn—k—1
1= ' here J; = M,, (4.54
Z M3'Mn+m'(K—M)', where k ; 0 ( )

AAAAA

which shows that the ansatz is complete.

5 Another gl(2|2) & gl(2) model

5.1 Comparison with AdS/CFT models

It is known that the Hubbard model can be connected to the SU(2) subsector of the super-
Yang-Mills (SYM) theory. The dilatation operator in this subsector can be identified
with a Hamiltonian that is very close to the Hubbard one. Although not exact,? this
correspondence has shed a new light on the integrability aspect of SYM models. In fact,
one can introduce perturbatively a scattering matrix (obeying the Yang-Baxer equation)
that differs from the Hubbard one by a phase (so-called ‘wrapping problem’). This phase
is also seen in the Bethe equation of the model.

The models we have presented up to now possess the same property: they have Bethe
equations that are very close to the Hubbard Bethe equations, but a phase. Unfortu-
nately, this phase is built on ‘hidden’ Bethe parameters, but not on the impulsions of our
‘particles’ (which is the case of SYM Bethe equations). Hence, the correspondence is not
immediate, but the present construction gives a way to introduce a phase in the equa-
tions. To strengthen the present approach, we show in this section an example of another
9l(2]2) @ g1(2) model using different choices of the projectors m and 7. It will lead to Bethe
equation with a phase that (partially) depends on the impulsions of the particles.

We recall that the Hamiltonian is given by

L
Haip)ealz) = ) <(EP)T zat+1 T (EP) zg1 +u Cpo lef)v (5.1)

=1

2The correspondence breaks down at level 4 of perturbation theory [18].
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where we choose the projectors 7 and 7| such that N} = {1,2} and Ny = {3,4}. Thus

2 4

(2Pt pay1 = Z Z <E?1E%Zm+1 + E?;,;E?;vﬂ) : (5.2)
i=1 j=3

(EP)wwr1 = BSE o + EFLE (5.3)

11 22 33 44 11 22

We use the same approach, i.e. the coordinate Bethe ansatz, to solve this model. Here
we do not give all explicit details of calculation. The method is the same, however there are
some modifications appearing when we pass from the initial problem to the first auxiliary
problem and then to the second auxiliary problem. We briefly give the most important
statements as well as the Bethe equations.

5.2 Bethe equations for ¢l(2]2) @ ¢i(2)

As we shall see in the next subsection for construction of the Bethe ansatz, in this model
there are four different kinds of “particles” above the vacuum state: e2! which is defined
by projectors above as m-particle and e?',e3! and e*! which are the 7-particles. To define
the Bethe equations, we first introduce

A ={ay,a9,...,an,} for some integers such that 1<a; <as <...<an, <N. (5.5)

Then, the Bethe equations can be written as

MmN = ()M for e A (5.6)
N2+N3 . . .
; ki 4 iby, + %
thy L _ -1 N+1—(N1+N2+N3) LS R m 1 f c . NI\ A (5.7
‘ =1 H isink; + by, — 4§ or JELN\ABD)
m=1
N ; Na+Nj . .
isink; 4 ib,, + % L RS G — by Y
_1 N—-Ny J m 4 — A — _Zk'j m P} 58
oy Jlj[lismkﬁribm—% (”)gj E by — by — & (5:8)
JEA J I#m
for m=1,...,No+ N3
. N3
2im
A(ﬁ)zeXp<7Zn@->, 1<n <ng<...<nn, <Ns+ N (5.9)
Na + N3 =

where L is the number of sites considered in Hubbard model, N is total number of all 2T,
e?te31 and e?! “particles”. N; counts e?! excitations, No, N3 count respectively e?! and
e*! particles. Remark that with respect to the Bethe equations computed in the previous
sections, the phase A(7) has been changed to

A@) = A [ e ™

jEA

showing a (partial) dependence on the momenta of the particles. This “dressing” of the

phase is similar to the one suggested in [20].
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The energy associated to the state is given by

E=L-2(N-N))+2 > cos(k)) (5.10)
JE[LNN\A
and the momentum reads N
p=> k. (5.11)
j=1

The set of integers A is related to the m-particles in the first auxiliary problem and the
integers n; correspond to the Bethe parameters of the last level, but their Bethe equations
have already been solved: they just correspond to the quantization of these parameters.
The parameters {b;}j=1,. Ny+N;s = {an,+1}i=1,....No+ N5 correspond to 7-particles in the first
auxiliary problem, and do have Bethe equations, see eq. (5.8).

5.3 Calculation description for ¢i(2]2) @ gi(2)

In this paragraph we briefly describe some important points of the approach for this new
model. At the first level of coordinate Bethe ansatz, together with the 7-particles (the
“physics” of which we studied above), we include some m-particles. The states of N exci-
tations can be written as

G[A] =) W[x, Aleft . ey (5.12)
with A= (2,1); (3,1); (4,1); (2,1).
This modifies the ansatz for the wave function as, for x4, < x4, < ... < gy
vhrx)= Y @(PQ PR P = PP (5.13)
P'=PrPx

with the energy:
EP =23 " cos(kp, ) + L —2(N — Vy) (5.14)
lerm
where Q € 6. We have to consider the permutation of Bethe roots k; in some factorized
form: P’ = P,P- where the terms permute only 7 and 7 particles separately. In addition,
we could also vary the value of energy by mixing the impulsions of all particles, adding a per-
mutation P,z in the term e¥* but it does not produce new (independent) eigenvectors.
Applying the Hamiltonian (5.1) on the vector (5.12) we find the relations between the
coefficients ®(PQ, P~!). Again we can gather all relations in a vector ®(P)

‘i)(P,) = Z (I)Z(P/’ Q,) |AQ/(1), . >AQ’(N) >
Q/7Z
where we have defined P’ = PQ € Gy, Q' = P! € &y and the sum is over all types of
excitations and all corresponding sectors. The vector |Ay,..., Ay > belongs to V1®...@Vy,

where V' = span{2 1,3 1,4 1,2 |} and represents one type of N excitations.
Thus, the relations between <I>(15Q, 15*1) can be expressed using S-matrix presentation

b(P) = S (A — A)D(P)
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where Sg)()\l — A2) is

—1

12 712
t12 712

efikl

e*ilﬁ
S (A — Ao) =

. (5.15)
r12 12

712 12

Expressions for t12 and 715 were given in previous sections, for example in (3.26).
The periodic boundary conditions can be written using the S-matrix and the vec-
tor ®(P)

O(PC) = e*rn Lo (P) (5.16)

and if we choose P = CN~J, we arrive to the first auxiliary problem. Thus, for j =1,..., N,
1 1) o1 1) &, il &

SO s\t s b (id) = et d(id) (5.17)

still with the convention S(})) = SC(L}))()\G — A\p).

a
The eigenvectors for this auxiliary problem are given by

GlAl = 3 W Alel .. ep)e (5.18)

- CT N 4Ny + N3
x€[1,N]

with 4; = (2,1);(3,7); (4,7) on the vacuum state filled by e?! particles. We recall that N
counts e?! particles and N, N5 correspondingly e3! and e*! particles.

Comparing with the previous cases, the sector with two types of excitations €' and
e*T have been already treated but we have an additional m-particle e?’. We write the
eigenvector of this excitation similarly to (3.44) in section 3.4:

N
#2171 =) he(a)e2! = €2l, with ha(a) =d(x —a). (5.19)

r=1

This form of eigenfunction is supported by the fact that the eigenfunction in (5.17) should
be independent of index j. The ansatz for general case with for all types of excita-
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tions €31, e and e2! can be written as, for Ty) < Tg) < oo < Ty(N,4+Np+N;) and
Q € OGN N2+ N

N2+N3

Z‘D Hhxz (an) H Jan (Qp(Ny4n)) (5.20)

PePy

where Py is the set of permutations acting on 7-particles only, and f,(a) is defined in (4.19).
The Bethe parameters aq,...,an, being the arguments of h,(a) are already quantized

on the small chain [1, N] and we choose them as:
1<a; <...<an, <N.

There are two different cases possible: 1) there exists a Bethe root a, = j for some
€ [1, N1], with j being the index in (5.17) and 2) there is no such Bethe root. In the first
case, functions (5.18) are eigenvectors of (5.17) with the eigenvalue

st

D848 8t d(id) = (~1)NNHLeih (Nt Ve § (jq) (5.21)

J

As we can see, the remaining parameters a; with ¢ € [Ny + 1, Ny + No + N3] as well
as the coefficients ® Q1 are not constrained in this first case: their Bethe equations is
obtained from the second case.

In the second case, when there is no Bethe root a, = j for any a € [1, Ny], (5.17)

implies the conditions on the coefficients @11391

PQILii41 ) ) u
(Plga)q+1) ™" Yp(q(i)) — Yp(q(i+1)) — 3 (5.22)
PQ T N — 7 . + u’ :
DL Yap(q(i)) — Yp(g(i+1)) T 2
for all p(q()),p(q(i + 1)) in [N1 4+ 1, N1 + N2 + N3] and
@PQP'L'H»I "
P— Wa, (o i
Y P Ta i (Ap(g(it1))) (5.23)
p-1

for all p(q(z)) € [1, N1], p(q(i +1)) € [Ny + 1, Ny + Na + N3] and o;(a) is defined in (4.21).
The calculations for the eigenvalue of (5.18) give

1 1 1 2 Nat Vs x
Ss s d(id) = (—1)™M T oj(aiin)®(id). (5.24)

(1)
S y
i=1

JISTER

The periodic boundary condition on the coefficients ® PQ s

p-1
cbllz?IC'N1+N2+N3 N N
Y (=DM [T or(@pta(vi+nat ) (5.25)
p-1 =1

for @ such that ¢(N1+Na+N3) € [N141, N1+No+N3|. Cn,+N,+N; 18 a cyclic permutation,
Cx =M} ... TIEL
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The difficulty in this model and of all models with m-particles is that starting from the
auxiliary problem we can not mix the Bethe roots of different types of excitations. Indeed,
in (5.20) the permutation acts only on 7-particles, while <i>(P) mixes a priori any kind of
particle. In this case we define again the vector ci>(P), but only for 7-particles as actually
it was defined in (3.72):

oP)= Y LA A, Agvang > (5.26)
QEGN, 4Ny, A

where the sum is over all types of 7 excitations and all corresponding sectors. The vector
|[Agys -+ Age > isin V1 @ ... ® Vi with V = span{e®!, el}.
Working with the periodicity condition (5.25), we take for instance @) = id, which
ensures that the constraint (N7 + No + N3) € [N7 4+ 1, N1 + Ny + N3] is satisfied. Thus, in
) N1+ Na+N3—1)
the left hand side, in the coefficient @ ,” (Va+N2+Ng) ™ p(N1 4 No+Ns) we can identify which

particles are permuted by II” E ]\; N+ Ns

or (5.23). Due to the fact that P € Py does not act on m-particles, we can use relation (5.23)

(4) T
p(N1+No+N3)? J =

) and we can apply corresponding relation (5.22)

to extract from the coefficient the action of the last N; permutations IT?
., N1, and get:

Ny P+ p(N1+No+N3— l)P

. .
I | —ika, P(N1+Na+N3) " 'p(N1+No+Nz)  ~ N ] [ p
€ Zo-ai(ap(N1+N2+N3))q)P—l - ' Ul N1+N2+N3))q)P—1
i=1
(5.27)

We can rewrite this condition using @(P) notation. Choosing P as a power of the
cyclic permutation acting only on 7-particles,

No+N3—m
_ ANo+N3—m _ (1N1+1 Ni+No+Nz—1
P =0 = <HN1+N2+N3 N1+NatNs ) ) (5.28)
the calculation becomes equivalent to the one of section 3.4, and we obtain:
N1
[ e " 0a, (am)@(CN>Nsmmt) = (—1)™M Hal () D(CN2FNs=m). (5.29)

Thus, for m =Ny +1,..., N1 + No + N3

Ny N1+N2+N3 ,. . u
~ikai g (am) M2 ) P Pt ... P 1)®id) =
€ Oa; \Om i —ia +u mm+1 -+ 'm Ni+Na+NsLm1l--- Fmm—1)P0RA) =
i=1 I=Nj+1 l mo2
l#m
N

= (=) [[ ov(am)®(id) (5.30)

=1

and finally we get

gmiTiam N NN g .
e ™ Nyt N Heilkai H <— - n 5) — Nl HO‘l am (I) ) =0,
i1 =M wap —1am + 3 =
l#m
m:N1+1,...,N1+N2+N3 (531)
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where we have introduced the set A = {a1,a2,...,an,} C [1, N] and the Bethe parameters
n; that label the eigenfunctions of the cyclic permutation (as in section 4.4).

To stress the difference between the quantized parameters a;, j < Ny, (that are similar
to the parameters n;), and the parameters a;, j > Nj, we denoted the latter b; = ajyn,
in the Bethe equations written in section 5.2.

6 gl(2]|1) b gl(2) and gl(2|2) b gl(2) Hamiltonians

In previous sections we considered examples of Hubbard model with algebra gl(2|1); ©gl(2),
and its generalization to gl(n|m); ®gl(2); model. However only examples with “small” alge-
bras like gl(2|1);@gl(2), or gl(2|2); ®gl(2)| seem to find applications in physics. Performing
different Jordan-Wigner transformations one can write the corresponding Hamiltonians in
terms of creation and annihilation operators.

6.1 Jordan-Wigner transformation

We briefly recall some relations of Jordan-Wigner transformation [21] (for more detailed
explanations, see e.g. [16]). The Jordan-Wigner transformation essentially consists in the
construction of a mapping

E9 e gl H2P Y o {c,e; dl,d; ele; ...},

where ¢, d, e, ... are fermionic operators. To present this construction, it is convenient to

1—n¢ ¢
X = ¢ =cle. 6.1
( o nc>’ n®=cle (6.1)

Its entries X, (1, v = 1,2) have a natural grading given by [u] + [v] where [1] = 1 and

introduce a matrix X

[2] = 0. The mapping is given by the relation

g L )

E7 o (-1)°X1, X2, ©... @ XP), (6.2)
where to every value i and j € [1,2P] is associated with an element {y1, pa, ... ,pp}
and {v1, va, ... ,vp} respectively with p;,1; = 1 or 2. Total grading is given by s =

Polpi) (S5 () + )

Transformation for ¢i(2), algebra is simply given by identification of matrices E
and X,,. But since gl(2) algebra contain only bosonic operators, in order to satisfy the
anticommutation relation between fermionic operators on different sites ({ch, ¢;} = 0), one
should introduce some factor to E (elementary matrix £ on the site a). To present the
result, we gather the different matrices £/, i,j = 1,2 into a formal matrix E. Then, the
Jordan-Wigner transformation for gl(2) algebra reads

E! E? 1—nS, co 2k L
E,= (.2 "o |= al TelPar1l ) iy ZL = (1—-2n%)  (6.3)
’ (Egl s b Zay Gy o xlll "

Now consider an example for the cases of gl(2|2); and g¢i(2|1); algebras. For both

algebra we perform one mapping and in the case of smaller algebra (gl(2|1);) we remove
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a subspace. We take the mapping {1 — 11, 2 — 22, 3 — 12, 4 — 21} as an example. In
the initial problem, elements of gl(2]2); @ ¢l(2), and gl(2[1); ® gl(2), algebras transform
into fermionic operators which are considered to anticommute even for different spins, e.g.
{c]l, ¢1} = 0. This implies that the total Jordan-Wigner transformation is written as

(1 — aT)(l nZT) _CaTdaT (1 —Jr n¢ )daTZLl _CaT(l )ZlLl
d L L
E = ad nngaT aTnaTZ naTdaTZ 6.4)
a1 - C)dZ e ZE (1 —n)nd d! ’ (6.
Mgy NgrCal 41 naT al Cay al
—CZT(l aT)Zl g day 21 daTClT ney (1 —ngy)

for E = (Eij)i,j:17...74 S gl(2|2).
For E = (EY); j—123 € gl(2]1), it is given by the same matrix without line and row 3

(1—%0( ng) —cardap —Cap(l— aT)Zﬁ
Eot = o d ngnd, naTdaTZ , (6.5)
_C:;T(l —ng )Zl ”gTdaTZﬁ ng(1 — ngT)

b

where n;,, = bl a by o 18 the particle number operator for b = ¢, d, and o« =T, |. We have

also standard relations between the operators:

{CL;pacﬁy}:(sa:yéa,@§ {dggpad,@y}:éary(saB; {Cozamd,@y}zoa a,B=1,]. (6-6)

Note that the operators dL d| are not present in the construction, so that one can drop

the arrow on the operators dT, dy.

One can remark that the different choices of mappings (i,7) on {f, 7} is equivalent
to some transformations on fermionic operators’ level (e.g. ¢/ — ¢, etc...), therefore all
the Hamiltonians are equivalent in this sense and differs one from another by changing the
representation (e.g. from electrons to holes).

6.2 ¢l(2|2) ® ¢gl(2) model

The Hamiltonian of the model is given by

d  d d d
Hy212)2912) = Huub + 2(4 z+1CTz T 4 Pl $+1)(nxTnJ1+1T — Mgy — nx—i—lT)

r=1

L
+ Z <C$ o +1€1 2d 0 x—‘,—ldT z+ CT €1 $+1dT 201 x+1)

r=1
L
2“2 Y=g ng
L
D (d] b o+ d] pdp o) (MGnSy — 0y = nSiap) (6.7)
r=1
with
L L
Hiab = Y [eh piiCan + chaCazs] +ud (1 =208 )(1 =205 ,). (6.8)

=1 r=1
a=T,|
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The eigenfunctions for this Hamiltonian are made of creator operators cJ{, dJ{ and c}.
They can be written in the following form and correspond to the solutions found in the

previous sections:

( ) Ni—n Ni+No—n n N3
n _ o o t t Pt t
e = 2 > 2 V@A [Ty I dy Il endg 100>
7 7 @ j=1 j=N1+1 k=1 j=1
2RFZ] YRFY] TiFET)UE
= (1) HTNsg[A],  with n=0,...,min(Ny, No) (6.9)
Ni—n No—n n N3
and A=(41,...,47,317,...,31,21,...,21,2,...,2 ). (6.10)

®[A] is the eigenfunction given in (4.10). Remark that, in addition to the particles cJ{, d];
and cI (corresponding to 4 T, 3 T and 2 | resp.), we have a doublet cJ{dJ{ corresponding to

2 1. The particles CJ{ and CI can be identified with a (spin up and down) electron, while d]}

can be viewed as a spin 0 fermion that can form bound state with the spin up electron.
The energy of the excited state @g\rfl) NN, reads

N1+N2+N3z—n
E™ =L-2(Ny+Ny+Ns—n)+2 > cosk,
=1

where the parameters k; are Bethe roots defined by equations given in section 4.1 (with
n=m=2).

6.3 gl(2|1) ® ¢l(2) model

The Hamiltonian of the model is given by

L
d _d d d
Hyomagi2) = Hiub + 2(4 z+1C7z T 4 €1 x+1)(”T aNgt1 = Mg — a:+1)

r=1

L
+ Z <CJ{ z+161 de{ :v+1dT zt+ CJ{ | x+1dJ{ xdT x—l—l)

L
—u) (1=2n5 )1 —nS)nd, (6.11)

where Hiyyp, has been given in (6.8). Again, the eigenfunctions for this Hamiltonian corre-
spond to the solutions found in the previous sections. They have the form (for Ny < Ny)

N1 No N3
— A + i t ;
q)N17N27N3 - Z Z Z \P(m,y,z)HcmT Hcledle chll‘o >
zk;zl ykiyl acﬁé;gj,yk =1 =1 =1

N1 N2 N3
= (=1)MHtNsp[A], with A=(31,...,31,271,...,27,21,...,2]) (6.12)

¢[A] has been defined in (3.14) and the corresponding eigenvalue reads

N1+N2+N3
E=L-2(Ni+No+N3)+2 > cosk
=1

with Bethe roots k; obeying the equations given in section 3.2.
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7 Conclusion

In this paper we presented the Bethe equations using the coordinate Bethe ansatz for
gl(2|]1) & ¢gl(2) and gl(n|m) & gl(2) generalized Hubbard model. We wrote explicitly the
Hamiltonians for several cases in terms of fermionic creation and annhilation operators.
Clearly, the full derivation of the Bethe Ansatz Equations for generalized Hubbard mod-
els [16, 17] has to be accomplished: the case of gl(njm) @ ¢l(3) and its generalizations to
gl(njm) @ gl(n’|m’) algebras are presently under investigation.

Applications to condensed matter physics deserve also some attention. The models
presented in section 6 are generalization of Hubbard models to several types of fermions.
They could be of some relevance to systems where electrons of different ‘types’ or ‘colors’
occur (for instance on some ladder spin chain).

Although the link with AdS/CFT correspondence is not direct, the present construc-
tion gives a way to introduce a phase in the Bethe equations of Hubbard type models (see
discussion in section 5.1). It is thus worthwhile to look deeper at these models. They could
be good candidates for an integrable model close to the one underlying the SYM theory,
or give a new point of view for the wrapping problem.

Obviously, in all cases, the thermodynamical limit of these models needs also to be
investigated.
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